Let B(X) the Banach algebra of all bounded operators on a Banach space X and let T ∈ B(X). We denote by R alc (X) = {T ∈ B(X) : C(T ) = {0}} and R ac (X) = {T ∈ B(X) : K(T ) = {0}} where C(T ) and K(T ) are respectively the algebraic core and the analytic core. In this paper we show that R alc (X) and R ac (X) are a regularities in Kordula-Müller's sense.
Introduction
Let A be a complex Banach algebra with unit e. According to Kordulla and Müller [2] a regularity in a complex an unital Banach algebra A is defined as a non-empty subset R ⊆ A satisfies the following two axioms :
(i) if a ∈ A and n ∈ N, then a ∈ R ⇐⇒ a n ∈ R (ii) if a, b, c, d are mutually commuting elements of A satisfying ac + bd = e then ab ∈ R ⇐⇒ a, b ∈ R The concept of regularity is at the heart of the Kordula-Müller axiomatic spectral theory where the spectrum of a ∈ A relative to the regularity R is defined by σ R (a) = {λ ∈ C : λe − a ∈ R}. If R = A −1 we obtain the ordinary spectrum σ(.) of a. The important property of the spectrum relative to a regularity is that i't obeys a spectral mapping theorem σ R (f (a)) = f (σ R (a)) for every function analytic in a neighbourhood of σ(a) non constant on each component of its domain.
The theory of regularities has been examined in connection with various classes of bounded linear operators, Fredholm theory and commutative Banach algebras [1] , [6] .
Let R be a regularity in Banach algebra A and let σ R (.) be the corresponding spectrum. Recall that σ R (.) satisfy the properties (P3)(the upper semicontinuity on commuting elements) if a n , a ∈ A, a n → a, a n a = aa n ∀n ∈ N, then :
λ n ∈ σ R (a n ) and λ n → λ =⇒ λ ∈ σ R (a).
Muller showed that σ R (.) satisfy the properties (P3) if and only if σ R (a) is closed for every a ∈ A and for each neighbourhood U of σ R (a) there exists > 0 such that σ R (a + u) ⊂ U , ∀u ∈ A, au = ua and ||u|| < , if and only if a ∈ A, then there exists > 0 such that ∀u ∈ A , ua = au and ||u|| < implies a + u ∈ R. For examples and detail of regularities we can see [2] , [5] and [6] . Now let X be a complex Banach space and B(X) the Banach algebra of all bounded linear operators on X, let I be the identity operator, and for T ∈ B(X) we denotes by ρ(T ), σ(T ), R(T ), and R ∞ (T ) = n≥0 R(T n ) respectively the resolvent set, the spectrum, the range, and hyper-range of T . Recall that if T ∈ B(X) then T admits a Riesz-Dunford functional calculs given by f → f (T ) =
−1 dλ where f is an analytic function on an open neighbourhood U of σ(T ) and Γ is a contour in U that surrounds σ(T ).
Saphar in [7] introduced the concept of the algebraic core for an operator C(T ), that is the greatest subspace M of X for which T (M ) = M . Of course if T is surjective then C(T ) = X and in general for every T ∈ B(X) we have
The algebraic core is characterizing by the following [1] , [3] :
The concept of analytical core for an operator has been introduced by Vrbová in [8] and study by Mbekhta [4] , that is the following set :
The analytical core K(T ) is a linear subspace of X and verify the two pro-
It is well known that the algebraic core and analytical core play an important role in locale spectral theory and Fredholm theory [1] , [3] .
Next, for T ∈ B(X) and x ∈ X the local resolvent of T at x defined as the union of all open subset U of C for which there is an analytic function f : U → X such that the equation
Also an important concept in locale spectral theory is the local spectral subspace for an operator T ∈ B(X). For subset Ω of C the local spectral subspace of T associated with Ω is the set X T (Ω) = {x ∈ X : σ T (x) ⊆ Ω}, evidently X T (Ω) is a hyperinvariant subspace of T not always closed and if [3] . The analytic core is closely related to the local spectral subspace by the following proprieties
The aim of this paper is to prove that R ac (X) and R alc (X) are regularities (see theorem 2.1 below), consequently we establish the spectral mapping theorem for the spectrum corresponding to this regularities.
Main results
We prove that R ac (X) and R alc (X) are regularities. We shall need the following tree lemmas. Lemma 2.1. Let T , S ∈ B(X) such that T S = ST , then :
K(T S) ⊆ K(T ) ∩ K(S).

C(T S) ⊆ C(T ) ∩ C(S).
Proof:
1) Let x ∈ K(T S), then there exists (x n ) n≥0 ⊂ X and δ > 0 such that x 0 = x, T Sx n = x n−1 and ||x n || ≤ δ n ||x|| Let (y n ) n≥0 be defined by y n = S n x n , then y 0 = x 0 = x, hence T y n = T S n x n = S n−1 x n−1 = y n−1 and ||y n || = ||S n x n || ≤ ||S n ||δ n ||x|| Let β = S δ, it follows that y n ≤ (β) n x , consequently x ∈ K(T ). Similarly we have x ∈ K(B)
2) By 1) it is easy to verify the second inclusion.
Corollairy 2.1. Let T ∈ B(X), then :
The following lemma is proved by Müller in [6, 14 lemma 1] Lemma 2.2. Let A, B, C, D be mutually commuting operators on a Banach space X such that AC + BD = I and let u, v ∈ X satisfy Au = Bv. Then there exists ω ∈ X such that Aω = v, Bω = u and ω ≤ (||C|| + ||D||)max(||u||, ||v|) Lemma 2.3. Let A, B, C, D be mutually commuting in B(X) such that AC + BD = I then
C(A) ∩ C(B) = C(AB).
Proof: 1. By lemma 1 it suffice to prove that 
Therefore x ∈ K(AB) and we conclude that K(A) ∩ K(B) ⊆ K(AB).
2.
It results immediately by 1.
Theorem 2.1. The set R a (X) = {T ∈ B(X) : K(T ) = {0}} and R al (X) = {T ∈ B(X) : C(T ) = {0}} are the regularities.
Proof: Clearly R ac (X) and R alc (X) are non-empty because I ∈ R ac (X) and I ∈ R alc (X), the proof follows immediately from the preceding corollary 2.1 and lemma 2.3. Now we show that R ac (X) satisfies the properties (P3), this will be an immediate consequence of the following lemma and proposition. Lemma 2.4. Let T ∈ B(X), then there is ε > 0 such that for all S ∈ B(X) satisfying ||S|| < ε and ST = T S we have ρ T (x) ⊂ ρ T +S (x) for all x ∈ X
Proof:
Let λ ∈ ρ T (x), then there exists (x n ) n≥0 such that T x i+1 = x i for all i ≥ 0, x = x 0 and sup||x i || = k < ∞. Let S ∈ B(X), ST = T S and ||S|| < k −1 . Consider the series g(λ) = Σ i≥0 (λ − S) i x i+1 , this series is convergent for all |λ| < k −1 − ||S|| and we have (T + S − λ)g(λ) = T (x 1 ) = x. Therefore λ ∈ ρ T +S (x). Proposition 2.1. Let T, S ∈ B(X) such that T S = ST . Suppose that there is ε > 0 satisfy ||S|| < ε. Then
K(T ) ⊆ K(T + S)
Proof: We have K(T ) = X T (C\{0}) = {x ∈ X : 0 ∈ ρ T (x)}, then the proof follows immediately form the lemma 2.4.
